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HEAT CONDUCTION AND THERMOELASTIC STRESSES

NONIDEAL CONTACT PROBLEM OF NONSTATIONARY
HEAT CONDUCTION FOR TWO HALF-SPACES

V. S. Sazonov UDC 536.24

A nonideal contact problem of nonstationary heat conduction for two half-spaces with arbitrary initial condi-
tions is considered. By introducing unknown conjugate functions and subsequent Laplace transformation, an
integral representation for the problem solution has been found; equations in the region of transforms are
solved with the aid of Green’s functions. In the particular case of exponential distributions of initial tempera-
tures an accurate solution of the problem has been achieved.

Introduction. At the present time a fair amount of attention has been devoted to the problems of obtaining
accurate solutions of heat conduction equations under different boundary-value conditions [1]. Analytical solutions are
of interest, first, purely scientifically and, second, as test problems in calculations by numerical schemes and for the
development of the latter. In the theory of heat conduction, nonideally contact boundary-value problems have been
studied to a considerably lesser extent. The development of numerical schemes for them is at the initial stage now, so
that any analytical investigations in the field are of interest. Note that in the case of an ideal contact of half-spaces,
where their initial temperatures are given by arbitrary smooth functions of the coordinate, it seems that the boundary-
value problem of heat conduction has been solved for the first time by Datsev [2]. Thereafter it was also tackled by
other researchers by other methods, e.g., [3, 4]. In what follows, an analogous statement of the problem is considered
in application to a nonideal contact of half-spaces; an integral representation of temperature distributions has been ob-
tained. The method of Laplace transformations in the time domain is used for the solution. The boundary-value prob-
lem in the region of transforms is solved by the method of Green’s functions. In the particular case, the equations
obtained yield accurate solutions of the problem with exponential and constant initial distributions of temperatures.

Statement and Solution of the Problem. Let a contact surface be located at the coordinate origin x = 0. We
assume that the temperature of the half-spaces at the initial instant of time is given in the form of smooth functions
T19(x) and To(x). Then the problem is described by the heat conduction equations

o, oT, o, T,
— =45, x<0, t>0; —=a 5, x>0, t>0; (1
or ox or ox
initial conditions
TI(X,O)ZTI()()C), x<0; T2(X,0)ZT20(X), x>0; (2)

and by conjugate boundary conditions that represent heat transfer by the Newton law:

U ox

= zg =OL|:T2(+0,I)—T1(_O’I):|' (3)

x=—0 x=+0
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It is assumed that the temperatures in each half-space are limited in value:
Ty(x, 1), Thy(x,1)<oo. 4

The existence and uniqueness theorem of solving heat conduction problems under the given conditions of con-
jugation and its proof are given, e.g., in [5], however, despite the simplicity of formulation of problem (1)-(3), its so-
lution is absent at the present time. Conditions (3) are specific in that the temperature values on each side of the
contact boundary are time-dependent. We will denote these, as yet unknown, conjugate functions as follows:

T, (=0,0=0@), To+0,)=y (). (5)

To find the solution of system (1)-(5) we will take the Laplace transform of (1)—(3) with respect to time that
maps the time domain onto the region of the complex variable s:

Ty (x5, 5) = [ exp (=50 T (x, 1) i

0
Then, subject to (1)—(3), (5), we obtain
T{’L(x,s)—aiTlL(x,s)Hv1 =0, x<0, Tg’L(x,s)—aiTzL(x,s)+F2(x)=o, x>0; (6)
1 2
TiL (= 0,8) —Hy [y () =@ (D]=0, Ty (+0,5)+H, [¢ () -y (5)]=0; (7
TIL (_ O’ S) = (PL (S)7 T2L (+ O’ S) = WL (S) s (8)

where F(x) = Tio(x)/ay; Fa(x) = Tro(x)/ay; Hy = o/Aj; Hy = 0/A,. Boundedness conditions (4) will go over into
the following conditions:

T, (x,5), Th(x,s)<oo. ©)]
By virtue of the linearity of boundary-value problems (6)—(7), we will represent their solution in the form
T ) =Up (x5, 5)+ VL (x,8), x<0; Ty (x,5)=Uy (x,8)+ Vo (x,5), x>0, (10)

where Ui (x, s) and Uy (x, s) are the solutions of the corresponding differential equations (6) under inhomogeneous
boundary conditions (7) in the case where F(x) = Fp(x) = 0, i.e., the solutions of the problems (the fundamental so-
lutions of the inhomogeneous boundary-value problem, e.g. [6])

” 2 ’
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(12)

” 2 ’

where k; = Vs/a; and ky = Ns/ap, whereas Ujp(x, s) and Uy (x, s) are the solutions of inhomogeneous differential
equations for transforms under inhomogeneous boundary conditions:
(13)

’” 2 ,
VIL_klvlL__Fl(x)’ x<0, VIL(_O)+H1V1L(_0):O;

” 2 ’
We will represent the general solution of problem (11) in terms of the fundamental solution:
H¢
L exp (k) x<0. (15)

U =
L™k +H,

Here, the boundedness condition (9) is used for x — —eo. Analogously, the general solution of problem (12) is written
(16)

in the form
p(—kyx), x>0.

0,0,
Uy =————ex
ky, + H,
Now, we will find the solution of problem (13), which is an inhomogeneous differential equation with a ho-

mogeneous boundary condition at the place of contact. We will represent the Green’s function in terms of the funda-

mental solutions of the corresponding homogeneous equation in the following form:

my (x) exp (kx) + m, (x) exp (—kjx), —o<x<x<-0; 17
—0<x<x<-0. 1n

G xx)= { ny (x) exp (kyx) +n, (x) exp (- kyx)

On the basis of the general rule (e.g., [6]), the Green’s function should be, first, continuous at the point x = X, ie.,
my exp (k;x) +my exp (— kyx) = ny exp (kx) +n, exp (- k;x) ; (18)
and, second, for a jump in the derivative G; over x at the point x = x the following equation should hold:
(ny —my) exp (kyx) — (ny — my,) exp (— kx) =% (19)

Moreover, the unknown Green’s function must satisfy the boundary condition (the right-hand side expression of (13))
at the place of contact (x = 0), which, subject to the lower line in (17) and the expression for the derivative Gy, will
(20)

yield
399

Taking into account the condition (14) of the boundedness of solution for x — —oo, from the upper line of (17) we

may adopt at once that Gj(—ee, ;) =0, i.e.,



The solution of system (18), (19) yields

1 - 1 -
mz—n2=2—klexp (kyx), ny—my =2—klexp (= kyx) . (22)
Thus, subject to (21), from (20) and (22) we find
I L el SN s - kyx 23
= — e s = , = — € — .
ny 2%, xp (kyx) . ny 2k, (k; + Hy) exp (kyx), my 2k, ki + H, exp (kyx) — exp (— kyx) (23)

Substituting (21) and (23) into (17), we write the Green’s function in the form

2_k1 ky+H,

1 (k,—H _ _ _
[1 Lexp (k;x) — exp (—klx)Jexp(klx), —o<x<x<—0;
(24)

Gy (x,x)=
1

2%,

ki —H _ _
L1 exp (k;x) — exp (— kpx) [exp (k%) , —co<x<x<—-0.
ky+H,

According to the well-known rule of constructing a solution of an inhomogeneous equation by a homogeneous one
(problem (13)), using the Green’s function (24) found, we write an equation for the transforms:
_0

Vi@=-[G@»F @dr. 25)

—o0

Substituting (24) into (25), we obtain the solution of problem (13) in the region of transforms:

-0

1 p - o
ViL (x, 8) = Z_kl exp (— kyx) J exp (kyx) F; (x) dx + exp (k;x) J exp (— kyx) F (x) dx
—oc0 X
B e & } k) Fy () dx 0 26
- , <0.
H, +k, exp (kyx) | exp (kyx) Fy (x) x (26)
The solution of problem (14) is written analogously:
1 +oo X
VoL (%, 8) = o5 | exp (ko) J exp (— k2}) F, (x) dx + exp (- kox) J exp (k2}) F, (x) dx
2 X +0
+o0
H,—k _ R
2 Zexp (- k) [exp (- k) F, @ dx |, x>0. @7
Hy +ky 0
+

According to (10), (15), and (26), the transform of the unknown solution of the basic problem in the negative half-
space will have the form

0
exp (k;x) _[ exp (klg) F, (x) dx

—oo

Hyy 1|k —H,
H +h exp(klx)+ﬁ I,
1+k 1| Hy+k

TIL (x, S) =
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x -0
+exp (— k) [ exp (k) Fy (9 dx + exp (k) [ exp (—k) Fy (@ dx|, x<0, (28)

—c0 X

whereas, according to (10), (16), and (27), the transform in the positive half-space has the form

oo
('3 1 -H, - - -
Ty (x, 5)= ko) +— —k —kox) Fy (0 d
oL (%, 8) Hy+ ey exp (= kyx) 2k, Hy+k, exp (= k,x) '('). exp (= kyx) F, (x) dx
+oo X
+exp (ky) [ exp (= kot) Fy (3) dix + exp (— ko) [ exp (ky0) Fy (9 dx |, x>0. 29
X +0

Based on the notation (5) introduced, as well as on the unknown functions (28) and (29) obtained, we have

-0
1 _ _
+o0
1 _ -
T2L|F+o=\lfL=m Hyop + [ exp (= kox ) Fy () dx | (31)
+0

Thus, for determining the functions @, and Yy, we have a system of two equations (30) and (31). If in these
equations we go over from the functions F(x) and F,(x) to Tj(x) and T»(x) and replace k; and k, (except for the
terms with exponents) by their values given in terms of s, aj, and s, then this system acquires the form

. H, , H, L . “
+ - = JE— S | . ,
ay |? " Voay V=0 ®) — s ot | T =0 ©) (42
where

_0 ~+oo

1 S 1 -
Iy @):Wjexp k) Ty () dx ., Ly (s)=T2sjexp (= kot) Ty (%) dix . 33)
oo +0

The solutions of system (32) for the transforms of unknown functions are given by the equations

1o (s + HyNay) + 1oHy Vay Ly (s + Hy Vay) + IgH, Nay
T s+ HyVa, +HyVa, 2T S+ HyNay + Hya,

(34)

Substituting (34) into (28) and (29), taking into account the notation adopted, we obtain the transforms of the
unknown temperature distributions:

exp (kx) Hk, +ky (ky —H)
Ty (x.5)= P 21 22 L i +H,i,
1 X
+i(exp(—k1x)zl+exp(k1x) i), x<0; (35)
1
exp (k) [ Hiky+ky (ky—H,)
TZL(x’S):Hk P Ll 2"2+Hzi1
1ky + Hoky +kyky 2k,
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1
+ 5 (€xp (ky¥) g, + exp (= ky) n), x>0, (36)
2

where the following notations are introduced:

-0 oo x
i = [ exp k) Fy () dx, iy =[exp (—ky0) Fy @) dx, iy = [ exp (ko) Fy () di,
—oo +0
-0 +oo
_[ exp (- kx) Fy (x) dx, iy= jexp (kyx) Fy (x) dx , iy, = Jexp (= kyx) F, (x) dx, @37
X +0 X

with 119 = i1Vay/s and Ipy = ipNay/s. The symbol x at i; and iy is an index and not an exponent. We will write the
final expression for 7T, and Top, having replaced ki and kp in (35) and (36) by their values ki(s) and ko(s):

o ay[ N a
L@ 9= |L\/—(H1\/_+H2\/a2+\/—) exp (

Ns/ay X) i

2H Na, 1
+ S \/Z-:-sz\/g+\/_) exp (Vs/ay x) iy + \/—(exp( s/ay x) i} +exp (Ns/a; x) llx)Jl x<0. (38)

In what follows, equations for temperatures and their transforms are given only for the negative half-space,
since for the positive one they are symmetric about indices. Substituting (37) into (38), we find

Nay | * HyNay — Hy Nay +s o
TIL(x,s)Z% = j;(bl \/g exp (Vs/a, (x+x)) F| (x) dx

—oo

+2H1\/_J.\/—(b+\/—)exp((\/— \/—J JFz(X)dx

X -0
1 X X _ 1 _ _ 39
+J.€3XP[(WI—W2]\/;]F1 (x)dx+J.Wexp(—\ls/a1 x-x) Fy(x)dx|, x<0. (39)

Passing in expression (39) from the functions Fj(x) and F,(x) to Tjo(x) and Tho(x) and calculating the inverse trans-
form, we obtain the sought-for distribution of temperature in the negative half-space:

-0 — —

T, =H _[ bt bx fc|b S Typ ) d.
)= _ _ Nf —

1 (x, 1) =H, exp \/a erfc 5 10 () dx

—oo

' x x [ X x ) 1 _
Jexp [bt (W]—EDerfc b\/t—_[ﬁ_ﬁ Wt—:| Ty (x) dx

! (rtx) -
+2V7‘ca1t'[ P 4a,t texp|- dayt Tig@)dx, x<0. (40)
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Based on the above-mentioned principle of symmetry, the sought-for temperature distribution for the positive
half-space is written in the form

T, (x,t)=H T b2z+bxi f b\/t+x+; T (x) dx

s = — | X er

2 2 o p \/al ¢ 2Nayt 20 W0 ax
+

=

Jex bt— - erfcﬁb\/?— ——LLT (x) dx
Ny TG o | e o o

Ly G+’ G-y - -
+2 TaZtm exp|— dayt +exp T Tday Tyy(x)dx, x>0. (@1)

We can check the validity of the solutions obtained by calculating the above-given integrals at constant initial tempera-
tures (119 = Tfo = const and Tpy = Tz*o = const). In this case, Eqgs. (40) and (41) yield an accurate solution [7].

A Particular Case of Exponential Initial Conditions. We will consider the exponential distribution of initial
temperatures:

Ty (x,0) =Ty (¥) = Typexp (hx), x<0, h; >0;
T, (x, 0) = Tyy (x) = Tog exp (= hpx) , x>0, hy>0. 42)

By virtue of the symmetry of physical processes about the plane x = 0, it is sufficient to restrict ourselves to searching
for a solution only for the negative half-space. We write it in the form

N

where Ji, Jp, and J3 are the first, second, and third integral expressions in solution (40). To calculate the first integral,
we introduce the change of variables and transformations:

pr - \/— =y, x=2b@—x—2@y, d;=—2Wdy, V] e =t00, y|;:_0=b\/?—2\7a.
Then
-0 — —
Ji= —Jexp [bzt -b )i/:—f}erfc [b i - %) TTO exp (hyx ) dx
oo
=—2T*{0Wexp(—b2z+hl(2bW—x)) | exp(Z(b—hlx/Z)x/?y)erfc@).
- 2F

In the second integral J, we introduce the change of variables and transformations:
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X

bt - (\/_ \@sz z, x= 2b\/—+'\/ 1x+2\/§z,

dx=2ayt dz, z|50=b\1 -

2\/_’ Z|X_+°° too.
In such a case
+°° x ox x
Jy= _[)exp b't—b \/a @ erfc| b\ - \/— @ 2\/— TZOeXp( hyx ) dx
+
on II'7
_2T20x/§expk bt+h2k2b\/_ —x)) | exp(Z(b—hz\/a)\/t—z)erfc(z)dz.

2W

Now, we determine the expressions in the parentheses in Eq. (43):

[ o
Jy+ \,Z—? Jo=2at exp (—b2t)| T;Oexp {h2 [Zb @— \,Z—? xD _[ exp (2 (b—hyay) \/t—z)erfc (z) dz

X
|L bW—Z—W
—+oo
~Tyoexp (hy @bVay —2) [ exp (2 (b—hyVay) Vi y) erfe () dy . (44)
X
Wi

We calculate "by parts” the first integral in equality (44), having denoted it by J4:

~+oo
Jy= _[ exp(2(b-h, \/g) \/t—z) erfc () dz
- Nat

+oo
. )
= 2 b=ty Nay) v | e @ exp 2 (b Nay) 1z)
bt - 5 \/’;7
+oo
— [ exp @b —hyVay) Vi gerfc () dz|.
[ ———
Na,t

1

Using the expression of the function erfc (z) at high values of z (which has already been used earlier), it can be easily
shown that
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erfc (z) exp (2 (b — hy Vay) \12) =0.

Z=too

Taking into account well-known rule
d% erfc (z) =—erf (z) =— % exp (— zz) ,

we obtain

1 X X
Jy=——————|—exp|2 (b— Iy Na,) Nt | b1 - erfc b7 -
4T 2 (b= hy Ny Nt p( (b= hpNay) [ 2ayt 2ayt
oo
2 2
+= [ exp@=hyNap Ntz dz|.
X
Nt - Nat
According to the reference data [8], the integral in the last expression is equal to
N Vi
[ exp@b—nyNay)Nr 2= de="Texp (2 (b — hyVay )" 1) exfe [ hy Vay - ———]|,
2 2 alt
X
N N

1

I S _ __x X
J4_2(b_h2@)\/t_[ exp[Z(b hzv@ﬁ(bd? ZW))erfc[bw— 2@)

+exp (2 (b-h, \/@)2 t) erfc (hz Nayt —

therefore

X
Z—WH . (45)

Along with the integral J4 we will consider the second integral JZ which also enters into equality (44):

—+oo
L= | exp@®-hNap) Vi y)erfe () dy.
X
bﬁ—zw

Just as in the calculation of Jy, we will apply the rule of integration by parts; then, based on the reference data [8]
and the above-indicated properties of the function erfc (z), we obtain

5 1 —ex _ X X
14_—2(b—h1x/@\/?[ ep(Z(b hlxla)\/?[b\/r_ —ZWDerfc[b\/t— ZW)

+exp (2 (b—hy \/a)2 t)erfc [hl Vajr - 2\7—6171| . (46)

Using (45) and (46), expression (44) can be rearranged as

405



a Tho Ty 2 bx x
J+\/—J=\/_ - bt ——=|erfc| bVt ———
VT Ny TN TNy bhyay |07 ey |7 2ayt

k

T 2 X
+ WCXP (hlalt - hlx) erfc {hl Nat — Z—W) . (47)
Now, we calculate the last, third, integral in expression (43):
-or -2 -2
_ (x+x) (x—x) -\ = (48)
J3= _[ |Lexp [ Jart +exp Jart J| exp (hyx ) dx .

First, we consider the integral of the first term in (48) (having denoted it by f3k). As before, we introduce the
change of variable and the transformations

X+x _ - x
=y, dx=2Vajtdy, x=—x—-2Va;ty, - =—o0, - =
ZW y 1t ay 1y y|x:— y|x:—0 2@

Then

-0 - +oo
J;=Jexp [— b+ x) Jexp (hlg)d}=2\la1t _[ exp (—y2+2h1 Na;t y)dy .

dat
—o° 2
. . . . Na
Using the tabular data of [8], for this expression we obtain
+ X
Jx =vmayt exp (hy (hya t —x)) erfc | hy Najt ———|.
3 =\mayt exp (hy (hyayt = x)) [1 1 ZW) (49)

The integral involving the second term in (48) (denoted by J3) is calculated similarly to J§ We introduce the
change of variables and transformation:

X+x —_ — X
> alt:Z’ dx==2Nayt dz, x=x-2Vajt z, 7| =—"c0, z|;:_0=2—w.
As a result
-0 -2
Ji=]exp _XTX) o (hy%) de=NTa t exp (hy (hrayt+ ) exfe [y Vit + —5— (50)
3 day1 1 1 1 (myay Nt |

Summing up (49) and (50), we obtain
Jy= J; +J5 =\na,t exp (h%alt)

X — X
x{exp (hyx) erfc (hl W+ > W)-F exp (- hyx) erfc (hl \/alt =3 W)] . (51

Subject to (47) and (51), the sought-for solution (43) is transformed as
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& k

Tio Ty 2 bx x
T, (x,)=H; N - exp | bt ——— lerfc | bVt ———
e | P sl b Lt 2a,t

k
T 2 T —
+ Wg exp (h2a2t —hyNay/a x) erfc (hz ant —

X
QWJ

Tio 2 Vg ——=
_mexp (hlalt—hlx)erfc {hl at —ﬁ
TTO 2 [y X e X
+ N exp (hlalt) |:6Xp (hlx) erf (hl at + Z—W)-F exp (- hlx) erf [hl at — Wﬂ , x<0. (52)

By virtue of the symmetry of the problem about the plane x = 0, the solution for the positive half-space can
be written on the basis of (52) as

Ty Ty 2 bx X
T, (x,f)=H,Na, - bt +——=|erfc|b Vi + ——
2t =N e b—m e, TP G, | 2oyt
T*
10 2 X
+— hiat+hyNa,/ erfc | hy Vat + ——
b_hl\/aexp( 14 1V azx) C(l a 2@}
*
—Lex (hza t+h x)erfc h at+L
b—hz\/a P | /2dy 1 2 Vo 2@
T*
20 2 X X
+—exp (hyayt) |:exp (= hyx) erf [h2 Nayt _W;}F exp (h,x) erf (hz at +2—@1|, x>0. (53)

Checking the Solution (the Case of Constant Initial Temperatures). The correctness of the solution ob-
tained can be verified by considering the case of constant initial temperatures, i.e., where iy = hy = 0. Substitution of
these values into (52) and (53) yields

* >k

T TP U P S LA Y A 0 54
=T p————— - - t——— r— , x<0;
1 =T 1+K£l erfc 2 exp m erfc 2 X (54)
. T;O—TTO X 2 bx X
T, (x,0) =T, ————|erfc|— - b't+—|erfc| bt + , 0, 55
(X, 1) =Ty 1+K£2 erfc 2@ exp|bt+ o erfc t 2@ x> (55)

where the following connections between the parameters were used:

HNa, 1 HyNa, 1
b 1+K, b 1+K,

€ 2

Conclusions. Thus, expressions (52) and (53) go over into the accurate solution (54), (55) obtained for this
case earlier [7], pointing to the validity of the analytical solution (52), (53). Equations (54) and (55) can also been ob-
tained directly from (40), (41), which proves the validity of the integral representation of (40), (41).
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NOTATION

a = M/(cy), thermal diffusivity; b, thermal mutual influence of half-spaces which depends on the degree of the

nonideality of their contact; ¢, isochoric specific heat; Fi(x) = Tio(x)/ay; Fa(x) = Tro(x)/az; H = o/A, reduced (rela-
tive) heat transfer coefficient; K and K, criteria of the thermal activity of the first half-space relative to the second
and the second relative to the first one, respectively; s, complex variable in the Laplace transform; 7, temperature; z,
time; x, coordinate; o, heat transfer coefficient; vy, density; €, thermal activity; A, thermal conductivity; ¢ and Y, con-
jugate functions equal to the values of 7| and 7, at x = 0, respectively. Subscripts: 1 and 2, the first and second half-
spaces, respectively; 10 and 20, initial values related to the first and second half-spaces, respectively; L, sign of
Laplace transform.
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